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This paper studies a generalized combinatorial structure a special case of 
which is the (n, k, A)-system introduced in [l]. We establish some basic properties 
of these structures but show how their study may be reduced to a matrix factoriza- 
tion problem similar to that considered in [l]. 
In [l] the notion of an (n, k, h)-system on r and s was introduced and we 
refer to that paper for relevant definitions. We define now a more general 
system as follows. Let cx = (al ,..., a,) be a fixed n-tuple of distinct 
elements, K = (kl ,..., km) an n-tuple of non-negative integers and X, r, 
and s be non-negative integers. An (n, K, Q-system on r and s is a pair 
(SZ, 9’) of n-families of equicardinal selections of 01 
(i.e., W = (R, ,..., R,}, 9’ = (S, ,.,., S,,}, 1 Ri 1 = r, I S, I = s) 
such that the product selections satisfy 
(1.1) 
1 RJ, 1 = ki (i = l,..., n), 
I &S, I = A (i # j; i, j = l,..., n). 
We introduce some expedient notation relative to this definition: 
n = fi (kj - A), 
j=l 
(1.2) 
ni = fi (kj - A), 
h-1 
521 
n 
A = T + X C nj = kiri + h i ~5 
i=l 
I$ 
B(n, K, h) = diag(k, - X ,..., k, - A) + AJ. 
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Here J is the order n matrix of ones. We shall use 1 for the n-tuple of ones 
and write B(n, kl, h) as B(n, k, h) as in [I]. 
An (n, K, X)-system (9, 9) is called singular if A = 0, non-singular if 
A # 0, and near-singular if A # 0 but n = 0. Throughout the discussion 
all systems will be assumed non-singular. (Note that assumptions such as 
k, 3 A, ki > h (j = 2,..., n) ensure the non-singularity of the system and 
that d = det B(n, K, X).) 
As in [l] if the multiplicities of the ai in the selections Ri , Si are all 0 
or 1 we call the system binary. 
In the ensuing discussion we shall establish the following: 
THEOREM. With K = (k, , k, ,..., k,) let there be given (W, 9), a non- 
singular (n, K, X)-system on r and s. Then 
(1.3) 
nA 
and rs = ~. 
c;=“=l “i 
(1.4) 
(1.5) 
(1.6) 
(1.7) 
If K = kl then (9, 9’) is, in fact, an (n, k, X)-system on r and s. 
If either conjiguration, W or 9, has constant replications then 
kd = kj (i, j = I,..., n). 
The system provides an integral factorization of an appropriate 
B(n, k*, X*). 
If the system is binary then (kj - A) divides 
rj(kj # h, j = I,..., n). 
Note that (1.3) generalizes the basic relation rs = k + h(n - 1) for 
(n, k, X)-systems given in [l] and that (1.4) is not immediate indicating that 
the dejinition of an (n, k, h)-system is slightly stronger than necessary 
(constant replications in each family need not be assumed). 
Let the matrices X = (xii) and Y = ( yii) represent the (n, K, h)- 
system, i.e., xii is the multiplicity of a, in R, , yii the multiplicity of ai in Si . 
Then from (1.1) we have 
U-8) XY = B(n, K, h)), XJ = rJ, JY = sJ. 
Let Yi be the i-th column vector of Y and Xi the j-th row vector of X 
and consider the vectors 
(1.9) 
n 
x = c Trixi, y = i 3riYI. 
id i=l 
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By direct calculation using (1.2) and (1.8) we find 
(1.10) xy = m, XY = Al. 
However from (1.8) we have also 
(1.11) x (4 11) = m, ($1) Y = fll. 
Since X and Y are non-singular we have then 
y = 4 It, 
A 
x=-l. 
s 
Hence x .l = nA/s while 
(1.13) ( f TiXi) . 1 = g1 ~i(& - 1) = r ( g1 g. 
i=l 
We have then CF=, ri # 0 since A # 0 and nA/s = r CyC1 r# establishing 
(1.3). 
If K = kl then r) = (k - X>n-l and (1.12) shows that Cy=I Xt is a 
constant vector as is & Yt so that X and Y have constant line sums as 
required by the definition of an (n, k, X)-system. (1.5) follows immediately 
from (1.8) by multiplying on the appropriate side by the matrix J. As to 
(1.7) we note from (1.9) and (1.12) 
Thus for any i choosej so that yii = 0 and establish that 
Now choosing j so that yji = 1 one obtains (k, - h)l ri . TO obtain the 
factorization of (1.6) suppose first that z-~ # 0 (j = l,..., n) and write 
(1.8) as 
(1.15) XY = r diag ( 
$ ,..., $) + XI 
Thus if D = diag(vl ,..., 7rJ we have 
XY=rrD-l+kJ 
whence 
D(XY - /iT) = TI 
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and 
DX 
i 
I-AJ) Y=7rI, 
now 7~ # 0 since no ~~ = 0. Thus 
(1.16) YDX=rr[I-~J]-1=B(n,71+~,~). 
Thus if no ri vanishes, i.e., kj # A, generalized (n, K, &systems may be 
reduced to the type of matrix factorization problem considered in [l]. In 
case some nj = 0 (1.16) may be established quite directly. Here we have, 
under the non-singularity assumption, that precisely one kj = A. Say 
kl = h so that r5 = Oj = 2,..., n. (1.9) and (1.12) then show that the 
first row of X is the vector X/s 1 and the first column of Y is the vector 
h/r It. So (1.16) is clear in this case. However here the B-matrix is singular, 
h - J. n 
In this, the near-singular case, we see the system cannot be binary and is 
essentially equivalent to a pair of integral matrices X, , Y, of sizes (n - 1) xn 
and nx(n - l), respectively, with X,J = rJ, JY, = sJ, rs = An, and 
X,Y, = B(n - 1, K’, A) with K’ = (k, ,..., k,). Such matrices are easily 
obtained and may be used to construct near-singular (n, K, A)-systems. 
Take, e.g., the incidence matrix, A, of a (4X - 1, 2A, A)-configuration [2] 
and adjoin a column of zeros obtaining a matrix X, of size 4X - 1 x 4h, 
such that X,J = 2AJ. Let Y1 = X1’ and one has such a pair. The 
associated system, in integral form is 
x= (Jg), Y= Xf, 
an (n, K, 4A)-system on 4h and 4A where n = 4X = k, , k, = k, = ... = 
k, = 16h. 
We conclude with an example to show how ordinary (n, k, A)-systems 
may be used to construct the more general systems. Let the pair (X, Y) 
represent an (n, k, X)-system on r and s. Then form 
k--X X...X k--h 
Xl = 0 sx , Y,= h 
0 x 
rY 
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The pair (XI , YJ represent an (n + 1, K, A*)-system on k + X(n - 1) and 
k + h(n - 1) where 
and A* = A(k + X(n - 1)). This system is non-singular for k # h and 
near-singular if and only if k = 2X 
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